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INSTRUCTIONS 
 
 This exam is 3 hours long. 
 
 This is a closed book exam.  One 8.5" by 11" double-sided crib sheet is allowed, but no 

other aids are.  Electronic devices such as calculators, cell phones, and MP3 players must 
be turned off and kept inaccessible during the test. 

 
 This exam has 7 pages including this front page.  It consists of 4 parts and is worth 35% 

of the course mark.   
 
 Please answer all questions directly on this exam.  In every question, show your work.  

The correct answer alone may be worth nothing. 
 
 If you need more room for the solutions, please continue on the back of the page and 

indicate CLEARLY that you have done so. 
 
 READ ALL QUESTIONS AND START WITH THE EASIEST. 
 
 
 Part A – Set Theory 30 
 
 Part B - Number Theory 15 
 
 Part C - Relations 45 
 
 Part D – Functions 10 
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Part A – Set Theory – 30 marks 

For the questions on this page, let  
A = {1,2,3,4,5}, B={1,2,3}, C={4,5}, D={{1},{2},{3},{4},{5}} 

A1 Set Operations (7 marks) 

List the elements of the following sets: 

{B, C} = { } 

{{B}, {C}} = { } 

{ (B, C) } = { } 

B × C = { } 

{B} × {C} = { } 

P (B) = { } 

P (C) = { } 

B2 Partitions (13 marks) 

Warning: if you have answered question B1 incorrectly, you may make mistakes in this question.  
However, these two questions will be marked independently of each other, so please double-check 
your answers to B1 carefully before answering B2. 

 
Fill out the table below stating whether each set in the first column is a partition of the set next to it 
in the second column. 

 
Is this set: a partition of this set? Answer (Yes or No) 

{{B},{C}} A  

{ B , C } A  

D B ∪ C  

D { B , C }  

{ {B}, {C} } { B , C }  

{ B , C } { B , C }  

{B × C} B × C  

{B} × {C} B × C  

{ { ( B , C ) } } {B} × {C}  

P (B) ∪ P (C) P (B ∪ C)  

P (B) × P (C) P (B × C)  

P (B) ∩ P (C) P (B ∩ C)  

P (B) ∩ P (C) B ∩ C  
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A3 Venn Diagram (10 marks) 

Explain, by shading as many of the Venn diagrams below as you need, why: 
∀A,B ⊆ U,  (A∪B)C ∪ (A∩B) = ((A-B) ∪ (B-A))C 

 
Indicate clearly on each diagram what each type of shading means.   
 
 

 
(A∪B)C ∪ (A∩B)

 

 
((A-B) ∪ (B-A))C
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Part B - Number Theory - 15 marks 

B1 Translation (5 marks) 

“If the sum of two integers is even, then either they are both odd or they are both even.” 
Assuming that  = {all integers}, rewrite the sentence above in symbols (no words) using only 

symbols from the list:   ), (, ∀, ∃, >, <, m, n, 2, +, |, , ∈, , ~, ∧, ∨, →, ↔ 

 

 

B2 Proof (10 marks) 

Prove the sentence in B1.   
Remember to lay out your proof properly. 

 



  
MTH 110 FINAL EXAM F2004 - 5 
 

Part C – Relations – 45 marks 

C1 Properties of Relations (23 marks) 

In the table below are the definitions of 4 binary relations (N, R, S, and T ) on a set. 

a) Indicate in the table whether each relation satisfies each of the four properties: reflexivity, 
symmetry, transitivity, and being an equivalence relation.  To answer, just circle either the “Yes” 
or “No” in the corresponding box.   

b) Each time you have circled “No” in a reflexive, symmetric, or transitive box, give in that same 
box a counterexample of that property for that relation. 

c) For each relation which is an equivalence relation, state in the equivalence relation box how 
many distinct equivalence classes this equivalence relation has.  If that number is finite, give a 
representative element of each of these classes.  If it is infinite, explain why. 

 

Relation  On Set Reflexive Symmetric Transitive Equivalence 
Relation 

x N y 
 

⇔ 
 

xy ≤ 0 

ℤ 

 Yes No  Yes No  Yes No  Yes No 

X R, Y  
⇔ 

The sum of the 
elements of X  
= the sum of the 
elements of Y.  
 
Assume that the 
sum of nothing is 0 

P (A) 
where  
A =  

{-2,1,2,3} 

 Yes No  Yes No  Yes No  Yes No 

f S g 
 

⇔ 
 

f(0)=g(0) 

 Yes No  Yes No  Yes No  Yes No 

f T g 
 

⇔ 
 

f(0)=g(1) 

{ f: A→A |   
f is 
bijective } 
 
where 
A={0,1,2} 
 
i.e. the set 
of all 
bijective 
functions 
from A to 
A 

 Yes No  Yes No  Yes No  Yes No 
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C2 – Orders – 22 marks 

Given a set A⊆ , Define the partial order relation  on A×A as follows: 

(x1,y1)  (x2,y2) ⇔ x1≤x2 ∧ y1≥y2

(1) Draw the Hasse diagram of  when A={1,2} 
 
 
 
 
 
 
 
 
 

(2) Is  a total order?  Explain your answer. 
 
 
 
 
 
 

(3) Draw the Hasse diagram of  when A={1,2,3} 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(4) Given a natural number n, if A={x∈  | 1≤x≤n}  

(i) What are the maximal and minimal elements of A×A for the relation ?    
 
 
 
 

(ii) Are there a greatest and a least element of ?   
 
 
 
 

(iii) If so, what are they and if not, why not? 
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Part D – Functions – 10 marks 

D1 – Proof – 10 marks 

Prove that if the composition g◦f of two functions f: A→B and g :B→C is a one to one (injective) 
function, then the function f must also be one to one. 
 
Remember to lay out your proof properly. 

 
The definition of the one to one property is: 
 A function f: X → Y is one to one iff ∀x1,x2∈X, f(x1) = f(x2) ⇒  x1 = x2
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